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mirp miteb ly dwinpicexhwl`d lr

oiihypii` hxal`

1905 ,ipeia 30

dliaen -eppnfa dpiadl laewny itk - leeqwn ly zeihpbnexhwl`dy reci

-lezk zi`xp `l ef zeixhniq` .mirp mitebl znyein `id xy`k zeixhniq`l

hpbn oia ziccdd zihpbnexhwl`d zelirtd z` dnbecl gwip .drtezd ly dc

,hpbnde jilend ly ziqgid drepza wxe j` dielz o`k zitvpy drtezd .jilenl

dxwn ,mixwn ipy oia dcg dpga` zgzen eplbxed dil` hand zcewpy cera

drepza hpbnd m` ixdy .drepza hpbnd ea xg` dxwne drepza jilend ea cg`

xeviy hpbnd zaiaqa zxcben dibxp` lra ilnyg dcy ritei ,dgepna jilende

`vnp jilende dgepna `vnp hpbnd m` la` .`vnp jilend ea mewna mxf

ep` jilena z`f znerl .hpbnd ly ezaiaqa ilnyg dcy xveei `l drepza

-iwzny dgpda - ozep la` ,zn`ez dibxp` envrlyk el oi`y ilnyg gk mi`ven

oeeik eze`a ilnyg gk - mipecipd mixwnd izya ziqgid drepza oeieey mi

.mcewd dxwna enk dnver dze`ae

drepz idyefi` ly ielibl miglven `l zepeiqp mr cgi ,lirly beqdn ze`nbec

-xhwl`d zertezy jk lr mifnxn ''(xz`d) xe`d ly meicn''l qgia ux`d ly

.zhlgen dgepn ly oeirxl zeni`znd zepekz zelra opi` dwipknde dwinpice

(miphw mikxra oey`xd xcql cr mbced xaky itk) mifnxn md weic xzil

qegid zekxrn lkl mitwz eidi dwihte`e dwinpicexhwl` ly miweg mze`y

d`lde dzrn dpekzy) ef dxryd dlrp ep` .zeniiwzn dwipknd ze`eeyn mday
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-ep ceqi zgpd bivpe ,(dneiqw`) ceqi zgpd ly cnrnl (''zeqgid oexwir'' mya

wix agxnay `ide ,zncewd ceqid zgpd mr zayiizn dpi` dxe`kly ,ztq

sebd ly drepzd avn dielz dpi`y c dreaw (velocity) zexidna hytzn xe`d

ziawr dxez biydl icka zewitqn elld ceqid zegpd izy .`vei `ed dpnn

xear leeqwn zxez lr zqqeand mirp miteb ly dwinpicexhwl`d lr dheyte

eply hand zcewp oky xzeinl jetdi ''xe` jilen xz`''a jxevd .dgepna miteb

zavd dyxz `le zecgein zepekz lra ''agxna zhlgen dgepn'' dyxz `l

.ihpbnexhwl`d jildzd ygxzn day wixd agxna dcewpl zexidn-xehwe

seb ly dwihnpiw lr - dwinpicexhwl`d lk enk - zqqean gztpy dixe`izd

miteb oiay mixywa weqrl zeaiig z`fky dxez lk ly zegpdde xg`n ,giyw

`l lewiy .miihpbnexhwl` mikildze mipery ,(mixiv ly zekxrn) migiyw

dwinpicexhwl`d zlwzp mday miiywd yxeya gpen dfd i`pzd ly wtqn

.deeda mirp miteb ly

mipiipr okez
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19 inpicexhwl`d wlgd II

lr .wix llg xear uxd-leeqwn ze`eeyn ly zeivnxetqpxh 6

ihpbn dcya miygxznd miripnexhwl`d zegekd ly mraih

19 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . drepz jldna

22 . . . . . . . . . . . . . . xe`d ziihd lye xltec oexwir ly dxezd 7

dpixwd ugl ly dxezd .xe`d oxw ziibxp` ly divnxetqpxh 8

25 . . . . . . . . . . . . . . . . . . millkeyn xe`-ixifgn lr lrtend

xy`k uxd-leeqwn ze`eeyn ly divnxetqpxh 9

27 . . . . . . . . . . . . . . . . oeayga zegwlp zeipeivweepew-zenixf

29 . . . . . . . . . . . . . . . . zeihi`a u`end oexhwl` ly dwinpic 10

I wlg

ihnpiw wlg
zeiphleniqd zxcbd 1

-peheipd dwipknd ly ze`eeynd zkxrn z` zniiwnd mixiv zkxrn gwip dad

zkxrn z` lcal ickae xzei zwiiecnl mixacd zbvd z` jetdl icka .zi

zkxrn z` dpkp ep` ,jynda bivpy zexg` zekxrnn ilelin ote`a efd mixivd

.''zgiipd zkxrnd'' mya efd mixivd

ozip f` ,efd mixivd zkxrnl ziqgi dgepn ly avna z`vnp zixneg dcewp m`

giyw seb lr zeihxcphq dcicn zehiy zlrtd zervn`a dnewin z` xicbdl

mewind z` `hal lkep ,zicilwe` dixhne`ib ly zehiy zlrtd zervn`ae

.zifhxw mixiv zkxrn zervn`a

ikxr z` mipzep ep` f` ,zixneg dcewp ly drepzd z` x`zl mivex ep` m`

-nzn dbvdy zexidfa xekfl epilr dzr .onfd ly divwpetk dly zehpicxe`ewd
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ep` dn ixnbl epxdad `l cer lk ,zilwifit zernyn zxqg `id df beqn zih

wgyn onfd mday eply zewiqtd lky oeayga zgwl epilr .''onf'' gpena mipian

zakxd''y xne` ip` ,dnbecl ,m` .miphleniq zerxe`n ly mihetiy md ciwtz

oeryay ohwd begnd zravd'' dfk edynl oeekzn ip` f` ,''7 drya dtl dribn

''miiphleniq zerxe`n md zakxd ly dzrbde 7 lr ily

eztlgd ici lr ''onf''-d zxcbdl mirbepd miiywd lk lr xabzdl ozipe okzii

xear zwtqn z`fky dxcbd dyrnl .''ily oerya ohwd begnd ly mewin''a

zwtqn `l dxcbdd la` ;`vnp oeryd ea mewnk wx xcben onfd eay dxwnd

dn - e` ,mipey zenewna miygxznd mirexi` ly zexcq onfa xagl epilr xy`k

miwegxd zenewna miygxznd zerxe`n ly onfd zriaw - xac eze`l ribny

.oerydn

mwennd dtev ici lr mirawpd onfd ikxr mr epnvr z` liabdl ,oaenk ,lkep

mibegnd ly mini`znd minewind z` m`zle mixivd ziy`xa oeryd mr cgi

reciy itk ,la` .wix agxn jxc onfeziy rexi` lkn miribnd xe`d zeze` mr

zcewpa dielz izla dpi` zkxrnd oexqg yi ef mixiv zkxrnl miieqipn epl

daiygd jld itl xzei ziyrn driawl miribn ep` .oeryd mr dtevd ly hand

:`ad

A dcewpa `vnpy agxna dtev f` ,oery yi agxna z`vnpy A dcewpa m`

z`ivn ici lr A ly ziciind zekinqa mirexi` ly onfd ikxr z` reawl lkei

-xnay B dcewpa yi m` .elld mirexi`d mr miphleniq xy` mibegnd inewin

lkei B-a `vnpd dtev f` ,A-a `vnpy dfl mipaend lka dnecy sqep oery ag

zegpd `ll la` .B ly ziciind daiaqa mirexi` ly onfd ikxr z` reawl

.B-a dxewy rexi` mr A-a dxewy rexi` ,onfl qgia , zeeydl lkep `l zetqep

A xear szeyn ''onf'' xicbdl eplr .''B onf'' z`e ''A onf'' z` wx epxcbd dzr cr

dxcbd mipea m` `l` ,dxcbdl llk ozip `l dfky szeyn ''onf'' la` B xeare

gwely onfl deey B dcewpl A dcewpdn xearl xe`-l gwely onfdy zxne`y

onf'' itl tA drya dligzn xe` oxwy gipp .A dcewpl B dcewpdn xearl xe`-l
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B dcewpdn zetwzyda zxfeg oxw dze`y gippe B dcewpl A dcewpdn ''A

.t′A drya A dcewpl ribne ''B onf'' itl tB drya A dcewpd oeeikl

m` mipxkpeqn miperyd ipy eply dxcbdd itl

tB − tA = t′A − tB

ly xtqn lkl zixyt` `idye zexizqn ziyteg oexkpiqd zxcbdy migipn ep`

:zilqxaipe` mitwz oldly miqgidye zecewp

dcewpay oeryd f` ,A dcewpay oeryd mr oxkpeqn B dcewpay oeryd m` .1

.B dcewpay oeryd mr oxkpeqn A

-pay oeryd mre B dcewpay oeryd mr oxkpeqn A dcewpay oeryd m` .2

.mipxkpeqn C -e B zecewpay miperyd mb f` ,C dcew

miperya dpeekd dnl dprn epzp miipeinc milwifit miieqip xtqn zervn`a ,jkitl

-hleniq'' xear dxcbd ep`vn ok enk ,mipey zenewna mi`vnpd migiip mipxkpeqn

ote`a el ozipd df `ed rexi` ly ''onf''d .''onf'' xeare ''zeipexkpiq'' e` ''zeip

mpne`e ,oxkpeqn df oery ,rexi`d mewna mwennd giip oery zervn`a iphleniq

.miieqn giip oery ici lr zpzipd onf ly dxcbd lk mr oxkpeqn ok` `ed

lcebdy migipn ep` ieqipl m`zda

2AB

t′A − tA
= c

.wix llga xe`d zexidnl ekxra deeye ilqxaipe` reaw `ed

-dy onfde ,zgiipd zkxrnl zigxkd dpid giip oery ly migpena onfd zxcbd

zkxrnd ly onfd'' mya df onfl `xwp ep` zgiipd zkxrnl mi`zn dzr epxcb

.''zgiipd
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mikxe`e mipnf ly zeiqgid lr 2
`id xe`d zexidn eitl oexwird lre zeiqgid oexwir lr zqqean oldly oeicd

:`ad ote`a elld zepexwrd izy z` xicbp .reaw

oia ,mnvra mirtyen mpi` zepzyn zeilwifit zekxrn mditly miwegd .1

izy jezn zxg` zkxrnl e` zg` zkxrnl avnd iepiy z` miqgiin m`

.daevw 1zixehlqpxh drepz zelra mixiv zekxrn

m` oia ,c dreaw zexidna drp ''zgiip''d mixivd zkxrna xe` oxw lk .2

jkitl .drepza sebn e` dgepna sebn zhltpy xe` oxwa xaecn

zexidn =
xe` lelqn
onf rhw

.1 sirqa dritend dxcbdd ly oaena zgwl yi onfd rhw z` xy`k

hend xivy oiincp .l `ed zgiip dcin-zn` itl ekxe`y giip giyw hen oezp idi

v zixehwe zexidna rp hendye zgiipd mixivd zkxrn ly x-d xiv lr `vnp

-d xiv jxe`l daevwe ziliawn zixehlqpxh drepza x-d xiv ly dlerd oeeika

ekxe`y oiincp ?rpd hend ly ekxe` `ed dn `id epnvr z` l`ypy dl`yd .x

:ze`ad zelertd itl dcicnl ozip hend ly

zervn`a hend jxe` z` ccene ,hende dcind-zn` mr cgi rp dtevd (`)

.dgepna `vnpy seb micceny itk weica dcind-zn`

m`zda mipxkpeqne zgiipd zkxrna mi`vnpy migiip mipery zervn`a (a)

izy zgiipd zkxrnd ly zecewp el`a xxan dtevd .1 sirqay dxcbddl

,elld zecewpd izy oia wgxnd .miieqn onfa mi`vnp hend ly zeevwd

dxwna ,xy`k ,` sirqa epze` dyniyy dcin-zn` dze` zervn`a ccnp

leki ef jxca ccnpy wgxnd ,dgepna `vnp (xivd) dcind-zn` epptly

.''hend ly jxe`d'' z` oiivl `ed s`

liawnae oeeik eze`a mirp giywd sebd ly miwiwlgd lk day (citv) giyw seb ly drepz1
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el `xwpy - (`) dlerta ccnpy jxe`d zeqgid zepexwr ly zenkqenl m`zda

xnelk ,giipd hend jxe`l deey didi - ''drpd zkxrna hend ly jxe`d'' mya

.l jxe`l

.''zgiipd zkxrna (rpd) hend ly jxe`d'' mya `xwi (a) dlerta ccnpy jxe`d

jxe`dy `vnp ep`e ,lirly zepexwrd izy lr qqazda jxe`d z` reawl lkep

.l ixlwqd jxrdn dpey dfd

izy ici lr mirawpd mikxe`dy fnexn ote`a dgipn zieeykrd dwihnpiwd

mitebdy dgipn `id ,zexg` milina e` ,jxr eze`l weica mieey elld zelertd

eze` ici lr zixhne`ib dpigan mibvein zeidl mileki t onfa mirpd migiywd

.reaw mewinae dgepna `vnpy seb

-ny oery avip B-e A zecewpa hend ly eizevwn zg` lkay oiincpe wigxp

rbx lka miperyd ly dbevzd xnelk ,zgiipd zkxrnd ly oeryd mr oxkpeq

jkitl .`vnidl miieyr md eay mewna ''zgiipd zkxrnd ly onf''l zn`ez

.''zgiipd zkxrnd mr mipxkpeqn'' elld miperyd

oexkpiq illk z` minyiin elld mitevdye ,rp dtev yi oery lkay oiincpe wigxp

z` aefrl xe` oxwl xyt`p .miperyd izyn cg` lk xear 1 sirqay miperyd

tB onfa A dcewpd xarl B dcewpdn xefgl oxwl xyt`p ,tA 2 onfa A dcewp

milawn ep` ,dreaw xe`d zexidny jka aygzda .t′A onfa A dcewpl ribdle

tB − tA =
γAB

c− v
mbe t′A − tB =

γAB

c+ v

zkxrnd ici lr ccnp `edy itk - rpd hend ly jxe`d z` onqn γAB xy`k

,mipkpeqn `l miperyd ipyy oigai rpd hend mr cgia rpy dtev ,jkitl .zgiipd

.mipxkpeqn miperyd ipyy xn`i zgiipd zkxrna `vnpd dtevy cera

la` ,zeiphleniq gpenl ziheleqa` zernyn zzl ozip `ly mi`ex ep` ,jkitl

ozip `ly zexnl z`f ,miphleniq mixivd zkxrn jezn etvpy ,mirexi`d izy

.efd zkxrnl iqgi ote`a drpy zkxrn jezn mdly zeiphleniqd z` zefgl

rpd oeryay mibegnd mewin'' z`e ''zgiipd zkxrnd ly onfd'' z` dt oiivn ''onf'' gpend2

oeicd jynda mi`aend itk
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zkxrnn mipnfe mixiv zekxrn ly zeivnxetqpxhd zxez 3
zixehlqpxh drepza z`vnpd zxg` zkxrnl zgiip

zgiipd zkxrnl qgia daevw
izy gwip zexg` milina .''giip''d agxna mixiv zekxrn izy gwipe dad

dze`n mi`veie ipyl cg` mikp`y mixiv dyelyn zeakxend mixiv zekxrn

miliawn mdly Z-e Y -d ixive cklzn zekxrnd izy ly X-d xivy gipp .dcewp

-zen`dy mb gipp ,mipery xtqne dcin-zn` wtqp mixiv zkxrn lkl .dn`zda

.ixnbl midf miwtqn ep`y miperyde dcin

v dreaw zexidna repl (k) mixivd zekxrnn zg` ly ziy`xl xyt`p dzr

sqepa (K) zxg`d zgiipd mixivd zkxrna ly X-d xiv ly dlerd oeeika

dcind-zen`l mixivd zekxrnl zxyewn zeidl ef zixehwe zexidnl xyt`p

-icxe`ew mewin mi`zp (K) zgiipd zkxrna onf lkl .miperyle zeihpalxd

gipdl lkep miixhniq milewiyne ,drpd zkxrnl (K zkxrnd itl) xcben ihp

ly mixivl miliawn drpd zkxrnd ly mixivdy dfk ote`a drp k zkxrndy

.(zgiipd zkxrna onfd z` zpnqn t cinz enk xy`k) t onfa zgiipd zkxrnd

-zn` zervn`a K zgiipd zkxrndn zrvazn agxnd zcicny dzr oiincp

-n`a k drpd zkxrndn mbe (zgiipd zkxrnd ly dcind-zn`) zgiipd dcind

-e x, y, z mixivd zekxrnl miribn ep` jkitl ;dnir drpd dcind-zn` zerv

rawidl zgiipd zkxrnd ly t onfl xyt`pe d`ld wigxp .dn`zda ξ, η, ζ

itk ,xe` izezi` ly dhiya yeniy zervn`a mipery yi mday zecewpd lkl

oia xe` izezi` ly dhiya yeniy zervn`a ,dnec ote`a .1 sirqa dx`ezy

ly τ onfl xyt`l lkep ,1 sirqa dx`ezy itk ,mipery minwenn mday zecewp

yi mday (drpd) zkxrnd ly zecewpd lk zervn`a rawidl drpd zkxrnd

.dgepna mi`vnp drpd zkxrnl qgia xy`e mipery

ly onfde mewind z` hlgen ote`a mixicbny ,x, y, z, t mikxr ly zkxrn lkl
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iqgi ote`a miraewd ξ, η ζ, τ mikxr ly zkxrn miniiw ,zgiipd zkxrna rexi`

ze`eeynd zekxrn z` zelbl `id eply dniynde ,k zkxrna rexi` eze` z`

.elld milcbd xear

-yndy ,dligzkln ,xexa agxnle onfl miqgiin ep`y zeipbenedd iqgi swezn

.zeix`pil zeidl zekixv ze`ee

dgepna z`vnpy dcewp ly zkxrnd-ikxry xexa if` ,x′ = x − vt aivp m`

divwpetk τ z` xicbp dligz .onfa zelz `ll ,x′, y, z zeidl miaiig k zkxrna

`l `ed τ-y ze`eeeyn zervn`a riadl epilr z`f zeyrl zpn lr .t-e x′, y, z ly

epxkpeqy ,k zkxrna dgepna mi`vnpd miperyd lk ly mipezp mekiqn xzei

.1 sirqa epzipy millkd itl

-d xiv jxe`l drpe τ0 onfa k zkxrnd ly mixivd ziy`xn z`vei oxwy gipp

ribne τo onfa mixivd ziy`xl x′ dcewpdn dxfga ztwzyn oxwdy gipp ,X

,e` ,1
2
(τ0 + τ2) = τ1 oeieeyd z` lawl miaiig ep` if` ;τ2 onfa ziy`xl aey

zexidnd oexwir zlrtde τ divwpetd ly miielz-izlad mipzynd zqpkd i"r

zgiipd zkxrna xe`d ly dreawd

1

2

[
τ(0, 0, 0, t) + τ

(
0, 0, 0, t+

x′

c− v
+

x′

c+ v

)]
= τ

(
x′, 0, 0, t+

x′

c− v

)
.

milawn eic ohw x′ xear ,jkitl

1

2

(
1

c− v
+

1

c+ v

)
∂τ

∂t
=
∂τ

∂x′
+

1

c− v

∂τ

∂t
,

e`
∂τ

∂x′
+

v

c2 − v2

∂τ

∂t
= 0.

zxg` dcewp lk xegal mileki epiid mixivd zkxrn ly ziy`xd mewnay xirp

ly mikxrd lkl dtwz lirly d`eeynd jkitl ,oxwl `ven zcewp deedzy

.x′, y, z

-dn dtvpy xe`dy mixkefyk ,Z-e Y mixivd xear mb mitwz mibelp` milewiy
√
c2 − v2 ly zexidna elld mixivd jxe`l onfd lk hytzn ,zgiipd zkxrn
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milawn
∂τ

∂y
= 0 mbe

∂τ

∂z
= 0.

elld ze`eeydn dler zix`pil divwpet `id τ-y xg`n

τ = a

(
t− v

c2 − v2
x′

)

ep` xeviw myl xy`ke ,dreci dppi` dry itly φ(v) divwpetd `id a xy`k

.t = 0 xy`k ,τ = 0 ,k ly ziy`xay dgpd zcewpn mi`vei

`hapy jk i''r ξ, η, ζ ly mikxrd z` reawl zelwa lkep elld ze`vezd zxfra

aeliya ,xe`d zexidn ly zeriawd oexwirn ywazny itk) xe`dy ze`eeyna

zkxrndn ccnp `ed xy`k c zexidna `ed mb hytzi (zeizeqgid oexwir mr

milawn τ = 0 onfa ξ ly dlerd oeeika zhytzny xe` oxw xear .drpd

ξ = cτ mbe ξ = ac

(
t− v

c2 − v2
x′

)

zkxrndn zccnp `id xy`k ,k ly dlgzdd zcewpl iqgi ote`a drp oxwd ,la`

-y jk ,c− v zexidn mr ,zgiipd

x′

c− v
= t

lawp (ξ ly d`eeynd) zncewd d`eeyna t ly jxrd z` aivp m`

ξ = a
c2

c2 − v2
x′

mi`ven ep` ,mixg`d mixivd izy jxe`l drpd oxwl qgiizda ,ibelp` ote`a

-y

η = cτ = ac

(
t− v

c2 − v2
x′

)

xy`k
y√

c2 − v2
= t, x′ = 0
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jkitle

η = a
c√

c2 − v2
mbe ξ = a

c√
c2 − v2

z.

milawn ep` ,ely jxra x z` silgp

(*)

τ = φ(v)β(t− vx/c2),

ξ = φ(v)β(x− vt),

η = φ(v)y,

ζ = φ(v)z,

xy`k

β =
1√

1− v2/c2
,

lr xac mey migipn `l m` .v ly dreci `ld divwpetd oiicr `id φ eli`e

siqedl yi f` ,τ ly qt`d zcewp lre drpd zkxrnd ly izlgzdd mewind

dgpddy gikedl epilr .elld ze`eeyndn zg` lk ly ipnid cvl iaihic` reaw

(migipn ok` ep`y itk) zgiipd zkxrna c dreaw zexidna zhytzn xe` oxwy

,ixdy .drpd zkxrna mb c dreaw zexidna zhytzn xe` oxwy jkl dliaen

.zeizeqgid oexwir oiae xe`d ly reawd zexidn oia zeni`z epgked `l ,dk cr

xyt`p zekxrnd izyl ztzeyn mixivd ziy`x zcewp xy`k ,t = τ = 0 onfa

dcewp `id (x, y, z) m` .K zkxrna c zexidna ziy`xdn hytzdl ixeck lbl

if` ,dfd lbd ici lr dbyed wxy

x2 + y2 + z2 = c2t2

lkep miheyt miaeyigae (* ze`eeyn) divnxetqpxhd ze`eeyna yeniy ici lr

dxevl dpexg`d d`eeynd z` xiardl

ξ2 + η2 + ζ2 = c2τ 2

xzei ohw xeckk d`xi `l `ed drpd zkxrndn ixeckd lba mitev xy`k ,jkitl

ok` eply zeiqiqad zegpdd izy o`kn .xe`d zexidnn dzegt zexidna rpy
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.zen`ez

,v dpzyn ly φ dreci `l divwpet riten epgzity divnxetqpxhd ze`eeyna

.φ divwpetl dxcbd zzl onfd ribd dzr

drepza k zkxrnl qgia drp xy` ,K ′ mixiv ly ziyily zkxrn xicbp jk myl

K ′ zkxrnd ly mixivd ziy`xy dfk ote`a ,Ξ xivl dliawnd zixehlqpxh

zyely lky migipn ep` t = 0 onfa xy`k .Ξ ly xivd jxe`l −v zexidna rp

migipn ep` t = x = y = z = 0 xy`k ok enk ,zecklzn ziy`xd zecewp

.x′, y′, z′ eidiK ′ zccnpd zkxrnd ly mixivd .qt`l deey K ′ zkxrna t′ onfdy

milawn ep` eply divnxetqpxhd ze`eeyna letk yeniy zervn`ae

(**)

t′ = φ(−v)β(−v)(τ + vξ/c2) = φ(v)φ(−v)t,
x′ = φ(−v)β(−v)(ξ + vτ) = φ(v)φ(−v)x,
y′ = φ(−v)η = φ(v)φ(−v)y,
z′ = φ(−v)ζ = φ(v)φ(−v)z,

,t onfd z` zellek opi` x, y, z oiae x′, y′, z′ oia zexywny zeivlxde xg`n

ziivnxetqpxhy xexae ,odn zg` lkl qgia dgepna ze`vnp K ′-e K zekxrnd

,jkitl .K ′ zkxrnl K ′ zkxrnd z` dxiarnd `id zedfd

(1) φ(v)φ(−v) = 1.

xivn wlg eze`l al dzr miyp .φ(v) divwpetd ly zernynd z` dzr xewgp

wlgd .ξ = 0, η = 0, ζ = 0 oiae ξ = 0, η = 0, ζ = 0 oia `vnpy k zkxrnay Y -d

ely seqd .K zkxrnl qgia v zexidn mr ely xivl zikp` rpy hen `ed dfd

zehpicxe`ewd z` K-a qtez

x1 = vt, y1 =
l

φ(v)
, z1 = 0

z`e

x2 = vt, y2 = 0, z2 = 0

13



-lawn ep` jkn okle l/φ(v) `ed K zkxrna ccnpy hend ly jxe`d ,jkitl

ze`xl ozip dixhniq ly milewiyn .φ(v) divwpetd ly zernynd z` mb mi

zeidl aiig zgiipd zkxrna ccnpe ely xivl zikp` rpd oezp hen ly jxe`dy

hend ly jxe`d ,jkitl .drepzd ly oeeika e` dyegza `le cala zexidna ielz

-y dler o`kn .−v-e v oia mitilgn m` dpzyn `l zgiipd zkxrna ccnpy rpd

e` ,l/φ(v) = l/φ(−v)
φ(v) = φ(−v).

ep`vny divnxetqpxhd ze`eeyn okle ,φ(v) = 1 ik dler 1 oeieeyne jkn okl

eidi (* ze`eeyn) okl mcew

τ = β (t− vx/c2) ,

ξ = β(x− vt),

η = y,

ζ = z,

xy`k

β = 1/
√

1− v2/c2.

mitebl rbepa eplaiwy ze`eeynl zilwifit zernyn 4
mirp miperyle mirp migiyw

k drpd zkxrnl qgia dgepna `vnpy R qeicx lra giyw ixeck seba hiap

ghynd z`eeyn .k ly mixivd zkxrn ly mixivd ziy`xa lr `vnp efkxnye

`id K zgiipd zkxrnl qgia v zexidna rpy dfd xeckd ly

ξ2 + η2 + ζ2 = R2
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milawn t = 0 onfae x, y, z ly migpena efd d`eeynd z` mi`han xy`k

x2

(√
1− v2/c2

)2 + y2 + z2 = R2

sebd xy`k jkitl ,zixeck didz dgepn ly avnn ccnpy giyw seb ly dxevd

aaezqn ci`eqtil` ly dxev lawi `ed zgiipd zkxrndn dtvpe drepza `vnp

mixivd mr

R
√

1− v2/c2, R, R

`dz xg` giyw seb lk ly jk ab`e) xeckd ly Y -de X-d icniny cera jkitl

-d cniny d`xp ,drepzd mr mipzyn mpi`y milcbk mi`xp (`dz xy` ezxev

lecb v ly jxrdy lkk zexg` milina ,1 :
√

1− v2/c2 ly qgia ueekzn X

zkxrndn mitvpy ,mirpd minvrd lk v = c xear .ueeikd zcin dlcb jk xzei

xe`d zexidnn zelecbd zeiexidn xear .xeyin ly dxev ickl miveekzn ,zgiipd

zwgyn xe`d zexidny `vnp jynda ,k''tr` ;zernyn xqgl jted eply oeicd

.ziteqpi` zexidn ly ilwifitd ciwtzd z`

-ipd'' zkxrna dgepna mi`vnpd miteb xear mb zetiwz ze`vez mze`y xexa

.daevw drepza drpd zkxrnn mitvpye ''zgi

`vnp `ed xy`k t onfd meyixl mi`zny) miperydn cg`y oiincp ,jk lr sqep

-na dgepna `vnp `ed xy`k τ onfd meyixle zgiipd zkxrnl qgia dgepna

meyixl oeekn jkitle k mixivd zkxrn ly mixivd ziy`x lr `vnp (drpd zkxr

?zgiipd zkxrndn dtvp `ed xy`k oeryd ly avwd didi dn .τ onfd

ici lr oezp ,oeryd ly enewin z` miraew xy` ,τ-e x, t milcbd oia xywd

-e x = vt zepeieeyd

τ =
1√

1− v2/c2

(
t− vx/c2

)
.

,jkitl

τ = t
√

1− v2/c2 = t−
(
1−

√
1− v2/c2

)
t

15



xzei ihi` (zgiipd zkxrndn dtvpy) oeryd ici lr myxpy onfdy raep o`kne

iriax xcqn milcb zgpfd ici lr - e` ,diipy lk xear zeipy 1−
√

1− v2/c2 -a

.1
2
v2/c2 ici lr - d`lde

K zkxrnay B-e A zecewpa m` .ze`ad zexfend ze`vezd zeraep xen`dn

m`e (zgiipd zkxrna mitvp md xy`k) mipxkpeqn migiip mipery miaven

ribda f` ,AB ewd jxe`l v zexidna B dcewpl rp A dcewpa aveny oeryd

A dcewpdn rpy oeryd .mipxkpeqn eidi `l xak miperyd ipy B dcewpl oeryd

xcqdn milcbl cr) 1
2
tv2/c2 -a B dcewpa x`ypy oeryd ixg` xbti B dcewpl

.B dcewpl A dcewpdn ribdl oeryl gwly onfd `ed t xy`k ,(dlrne iriaxd

mbe ilpebilet lelqna rpy oery xear mb dtwz lirly d`vezdy ze`xl ozip

.zecklzn B-e A zecewpd xy`k

ew xear mb dtwz ilpebilet lelqn xear dgkedy d`vezdy migipn ep` m`

-pd mipxkpeqn mipery ipyn cg` m` :d`ad d`vezl miribn ep` ,edylk sivx

dcewpl xfeg `edy cr dreaw zexidna xebq mewr jxe`l rp A dcewpa mi`vn

dgepna xzepy oeryd itl f` ,zeipy t ly onf jxe`l jynp elek rqnd xy`k ,A

jkitl .zeipy 1
2
tv2/c2-a ihi` didi A dcewpl eribda rqepd-oeryd ly rqnd onf

repi deeynd ewa 3 (cala envr zegeka caery oery) ofe`n-oeryy miwiqn ep`

mi`pz mze`a gpend ddf oeryn ,ohw ce`n onfa `hazzy zeihi` ,xzei h`l

.deeynd ewa

zeiexidnd ly xeaigd htyn 5
-ieqn dcewpl gipp ,K zkxrnd ly X-d xiv jxe`l v zexidna drpy k zkxrna

ze`eeynl m`zda repl zni

ξ = wξτ, η = wη, ζ = 0

dxwn .ux`d xeck jiiy dil` zkxrndn wlgl aygp zilwifit dpigany zlhehn-oery `l3

.otec `vei `ed df
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.mireaw mipnqn wη-e wξ xy`k

-xhd ze`eeyna xfrip .K zkxrnl zizeqgi didz dcewpd ly zrepzdy yexcp

x, y, z, t milcbd z` `hal icka (* ze`eeyn) 3 sirqa epgzity divnxetqp

milawn ep` ,dcewpd zrepz z` mibviiny

x =
wξ + v

1 + vwξ/c2
t.

y =

√
1− v2/c2

1 + vwξ/c2
wηt,

z = 0.

cr wx swz zeixehwed zeiexidnd ly ziliawnd weg ,eply dxezd itl ,jkitl

aivp .ipey`x aexiw ick

V 2 =

(
dx

dt

)2

+

(
dy

dt

)2

,

w2 = w2
ξ + w2

η,

a = tan−1wη/wξ.

miheyt miaeyig xg`l .w-e v zeixehwed zeiexidnd oiay ziefk a z` ze`xl yi

milawn ep`

V =

√
(v2 + w2 + 2vw cos a)− (vw sin a/c)2

1 + vw cos a/c2

.ixhniq ote`a zexidnd z`vez ly iehiad jezl miqpkp w-e v-y xirdl deey

milawn ep` ,X-d xiv ly oeeika `vnp w mb m`

V =
v + w

1 + vw/c2

-xidn cinz ozii ,c-n zephwy zeiexidn izy xeaigy raep dpexg`d d`eeyndn

λ-e κ xy`k w = c − λ-e v = c − κ miaivn ep` m` oky .c-n dphw `idy ze

f` ,c-n miphwe miiaeig

V = c
2c− κ− λ

2c− κ− λ+ κλ/c
< c
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dl siqepy jk zervn`a zepzydl dleki `l c xe`d zexidny ,raep ,sqepa

milawn ep` df dxwn xear .xe`d zexidnn dphwy zexidn

V =
c+ w

1 + w/c
= c.

lawl mileki ep` 3 sirqa ritenl m`zda zeivnxetqpxh izy zakxd ici lr

k-e K zekxrnl m` .oeeik eze`a mi`vnp w-e v ea dxwna ,V xear dgqep

xy`k ,k-l liawna drpd k′ mixivd zkxrn z` siqepe jiynp 3 sirqa ex`ezy

ze`eeyn milawn ep` ,w zizlgzd zexidn mr Ξ-d xiv lr drp dlgzdd zcewp

zkxrna mdl mini`znd milcbd oiae x, y, z, t milcbd oia xywd z` zex`znd

z` zgwl yi v mewnay jka wx 3 sirqa ep`vny ze`eeyndn milcap xy` k′

lcebd
v + w

1 + vw/c2
;

zxivil - zeigxkdy - zeliawnd zeivnxetqpxhd z` ze`xl epl xyt`n xy`

.dxeag

zepexwrl zn`ezd dwihnpiwd zxez ly miyexcd miwegd z` dzr epwqd

.dwinpicexhwl`d xear mdly mineyiid z` ze`xdl mikiynn ep`e ,eply
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II wlg

inpicexhwl`d wlgd
llg xear uxd-leeqwn ze`eeyn ly zeivnxetqpxh 6

-xznd miripnexhwl`d zegekd ly mraih lr .wix
drepz jldna ihpbn dcya miyg

ep`y jk ,K zkxrnl mb zetwz wixd agxnl uxd-leeqwn ze`eeyny gipp

milawn

1

c

∂X

∂t
=

∂N

∂y
− ∂M

∂z
,

1

c

∂L

∂t
=

∂Y

∂z
− ∂Z

∂y
,

1

c

∂Y

∂t
=

∂L

∂z
− ∂N

∂x
,

1

c

∂M

∂t
=

∂Z

∂x
− ∂X

∂z
,

1

c

∂Z

∂t
=

∂M

∂x
− ∂L

∂y
,

1

c

∂N

∂t
=

∂X

∂y
− ∂Y

∂x
,

.ihpbn gk onqn (L,M,N) eli`e ilnygd gkd ly xehwe onqn (X, Y, Z) xy`k

ici lr) 3 sirqa epgzity zeivnxetqpxhd lr elld ze`eeynd z` ligp m`

-xidna reppe (my epxkdy mixivd zekxrnl mihpbnexhwl`d mikildzd zxard
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ze`eeynd z` lawp f` ,v ze

1

c

∂X

∂τ
=

∂

∂η

[
β

(
N − v

c
Y

) ]
− ∂

∂ζ

[
β

(
M − v

c
Z

) ]
,

1

c

∂

∂τ

[
β(Y − v

c
N)

]
=

∂L

∂ξ
− ∂

∂ζ

[
β

(
N − v

c
Y

) ]
,

1

c

∂

∂τ

[
β(Z +

v

c
M)

]
=

∂

∂ξ

[
β

(
M − v

c
Z

) ]
− ∂L

∂η
,

1

c

∂L

∂τ
=

∂

∂ζ

[
β

(
Y − v

c
N

) ]
− ∂

∂η

[
β

(
Z +

v

c
M

) ]
,

1

c

∂

∂τ

[
β(M +

v

c
Z)

]
=

∂

∂ξ

[
β

(
Z + v

c
M

) ]
− ∂X

∂ζ
,

1

c

∂

∂τ

[
β(N − v

c
Y )

]
=

∂X

∂η
− ∂

∂ξ

[
β

(
Y − v

c
N

) ]
,

xy`k

β = 1/
√

1− v2/c2

-xnaK zkxrnd xear zeniiwzn uxd-leeqwn ze`eeyn m` zeqgid oexwir itl

-gd gekd ly mixehwed xnelk ;k zkxrnd xear mb zeniiwzn md f` ,wixd ag

-xcbeny ,k drpd zkxrnd ly - (L′,M ′, N ′)-e (X ′, Y ′, Z ′) - ihpbnd gekde ilny

-bnde zeilnygd zeqnd lr (zeliwy mxeb) iaihenexcpet hwt` zervn`a mi

:ze`ad ze`eeynd z` miwtqn ,dn`zda zeihp

1

c

∂X ′

∂τ
=

∂N ′

∂η
− ∂M ′

∂ζ
,

1

c

∂L′

∂τ
=

∂Y ′

∂ζ
− ∂Z ′

∂η
,

1

c

∂Y ′

∂τ
=

∂L′

∂ζ
− ∂N ′

∂ξ
,

1

c

∂M ′

∂τ
=

∂Z ′

∂ξ
− ∂X ′

∂ζ
,

1

c

∂Z ′

∂τ
=

∂M ′

∂ξ
− ∂L′

∂η
,

1

c

∂N ′

∂τ
=

∂X ′

∂η
− ∂Y ′

∂ξ
,

z` `hal zeaiig k zkxrnd xear ep`vny ze`eeynd zekxrn izyy eil`n oaen

uxd-leeqwn ze`eeynl zelewy ze`eeynd zekexrn izye xg`n ,xacdd eze`
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z` oaenk `ivedl) zedf zekxrnd izy ly ze`eeyndy xg`ne k zkxrnd xear

zenewna ,ze`eeyna zeriteny zeivpetdy raep ,(mixehwed ly oeniqay ipeyd

szeyn mxeb `edy ,ψ(v) mxebd z` `ivedl ,zedf zeidl zeaiig ,mini`znd

τ-ae ξ, η, ζ -a ielz epi`e ,ze`eeyn ly zg` zkxrn ly zeivwpetd lk xear

zeivlxd z` milawn ep` jkitl .v-a wx `l`

X ′ = ψ(v)X, L′ = ψ(v)L,

Y ′ = ψ(v)β
(
Y − v

c
N

)
, M ′ = ψ(v)β

(
M + v

c
Z

)
,

Z ′ = ψ(v)β
(
Z + v

c
Y

)

zervn`a ziy`x ,elld ze`eeynd zekxrn ly zeiccdd z` dzr xevip m`

ze`eeynd zlgd zervn`a zipye ,eplaiw dzr dfy ze`eeynl oexzit z`ivn

aygzda f` ,v zexidnd ici lr zpiite`ny ,(K-l k-n) dketdd divnxetqpxhl

milawn ep` zedf zeidl zeaiig eplaiw dzr dfy ze`eeynd zekxrn izyy jka

milawn ep` dixhniq ly milewiy jezn ,ok lr xzi .ψ(v)ψ(−v) = 1 -y

ψ(v) = 1

dxevd z` zelawn eply ze`eeynde

X ′ = X, L′ = L

Y ′ = β
(
Y − v

c
N

)
, M ′ = β

(
M + v

c
Z

)

Z ′ = β
(
Z + v

c
M

)
, N ′ = β

(
N − v

c
Y

)

:elld ze`eeynd ly yexitd iabl zexrd xtqn xirp

zkxrndn zccnp `id xy`k ,''cg`'' lceba lnyga dperh zeidl dcewpl gipp

K zgiipd zkxrna dgepna z`vnp dcewpd xy`k ,zexg` milina ,K zgiipd

wgxna z`vnpd lnyg ly deey zenk lr oic 1 elceby gk lirtdl dl xyt`p

ilnygd orhnd z` miccen xy`k ,zeqgid oexwir itl .cg` xhnihpq ly

dgepna `vnp dfd ilnygd lcebd m` .''cg`'' `ed mb elceb didi ,drpd zkxrna
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lretd gekl deey `ed )X,Y, Z) xehwed zxcbd itl f` ,zgiipd zkxrnl qgia

rbxa zegtl) drpd zkxrnl qgia qgia dgepna `vnp ilnygd lcebd m` .eilr

xehwel deey ,drpd zkxrna ccnp `edy itk ,eilr lretd gekd f` ,(ihpalxd

`ad ote`a milina lirly ze`eeynd zyely z` gqpl jkep ,jkitl .(X ′, Y ′, Z ′)

dcy jeza drepza z`vnp dcigi lceba ilnyg orhna dperh dcewp m` .1

z` zigipfn xy`k if` ,(ilnygd gekl sqepa) dilr lretd ihpbnexhwl`

-dy milawn v/c iehiad ly d`lde dipy dlrnn minxebd ly zeltknd

-de orhind zexidn ly zixehwed-dltknl deey ''iaihenexhwl`d gek''

(dpyi dbvd jxc) .xe`d zexidnl wlgl ihpbnd gek

dcy jeza drepza z`vnp dcigi lceba ilnyg orhna dperh dcewp m` .2

-wn bveiny ilnygd gekl deey dcewpd lr lretd gekd f` ,ihpbnexhwl`

dcyd ly divnxetqpxh zervn`a epl ghaenye ,orhind zaiaqa zine

(dycg dbvd jxc) .ilnygd orhnl qgia zgiipd mixivd zkxrnl

mi`ex ep` .''iaihenehpbnd gek''-d xear mb zetwz ze`vezd ibelp` ote`a

z` ag ecivny ,dxezd gezita xfr ciwtz wx yi iaihenexhwl`d gekly

-na zelz `ll miniiwzn mpi` mihpbnexhwl`e miilnyg zegeky jkl ezbvd

zxkfend zeixhniq`dy xexa ,jkl sqepa .mixivd zkxrn ly drepzd av

-de hpbnd ly ziqgid drepzdn exvepy minxfd zpiga jezn dxvepy `eana

zegekd ly ''mayen'' iabl zel`ya mrh cer oi` ,z`fn dxzi .zrk znlrp ,jilen

.miiaihenexhwl`de miinpicexhwl`d

xe`d ziihd lye xltec oexwir ly dxezd 7
-xhwl` milb ly xewn yiy gipp ,mixivd ziy`xn ax wgxna ,K zkxrna

,bvein zeidl leki `ed mixivd zkxrn z` likny agxnn wlgk xy` ,mihpbne
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ze`eeynd ici lr ,zwtqn weic znx cr

X = X0 sin Φ, L = L− 0 sin Φ

Y = Y0 sin Φ, M = M0 sin Φ

Z = Z0 sin Φ, N = N0 sin Φ

xy`k

Φ = ω
(
t− 1

t
(lx+my + nz)

)

(dcehiltn`d) zrxynd z` mixicbny mixehwe md (L0,M0, N0)-e (X0, Y0, Z0) o`k

ly ici`iqepiqewd oeeikd z` mixicbn l,m, n eli`e (wave-train) cig`d lbd ly

-ip md xy`k zelld milbd ly zeiwegd z` zelbl mipiipern ep` .ilbd-lnxepd

.k drpd zkxrna dgepna `vnpd dtev ici lr mipga

-gde mihpbnd zegekd xear 6 sirqa ep`vny divnxetqpxhd ze`eeyn zlrtdn

ep` ,onfde mixivd zekxrn xear 3 sirqa ep`vny ze`eeynd zlrtde ,miilny

zexiyi milawn

X ′ = X0 sin Φ′, L′ = L− 0 sin Φ′,

Y ′ = β(Y0 − vN0/c) sin Φ′, M ′ = β(M0 + vZ0/c) sin Φ′,

Z ′ = β(Z0 + vM0/c) sin Φ′, N ′ = β(N0 − vY0/c) sin Φ′,

Φ′ = ω′
(
τ − 1

c
(l′ξ +m′η + n′ζ)

)

xy`k
ω′ = ωβ(1− lv/c),

l′ = l−v/c
1−lv/c

,

m′ = m
β(1−lv/c

,

n′ = n
β(1−lv/c)

.

raep ω′ xear d`eeyndn

-dy jk iteqpi` wgxnae ν xcza xe` xewnl qgia v zexidna rp dtev m`y

zkxrnl qgia dtevd ly zexidnd mr cgi φ zief xvei ''xewn-dtev'' xagnd ew
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dtevd i''r hlwipy ν xe`d xcz f` ,xe`d xewnl qgia dgepna z`vnpy mixivd

d`eeynd zervn`a ozip

ν ′ = ν
1− cosφ · v/c√

1− v2/c2
.

d`eeynd z` milawn ,φ = 0 xy`k .idylk zexidn xear xltec oexwir edf

ν ′ = ν

√
1− v/c

1 + v/c

lirly d`eeyna v = −c miaivn xy`k ,zlbxend ditvl cebipay mi`ex ep`

.ν ′ = ∞ milawn

oiae drpd zkxrna (oxwd ly oeeikd) lbd-lnxep oia zxvepy ziefd z` dpkp m`

dxevd z` zlawn φ′ xear d`eeynd if` ,φ′ mya ''dtev-xewn'' xagnd

cosφ′ − cosφ = v/c

1− cosφ · v/c.

d`eeynd ,φ = 1
2
π m` .xzeia illkd epaena diihqd weg z` z`han ef d`eeyn

dheytd dxevd z` zlawn

cosφ′ = −v/c

m` .drpd zkxrna riten `idy itk ,milbd ly zrxynd z` `evnl oiicr epilr

itkl m`zda ,dn`zda A′ -e A ihpbnd e` ilnygd gekd ly zrxynl `xwp

milawn ep` ,drpd zkxrnd e` dgpd zkxrndn ccnp dfy

A′ = A2 (1− cosφ · v/c)2

1− v2/c2

lawle dpexg`d d`eeynd z` hytl lkep φ = 0 xear

A′2 = A2 1− v/c

1 + v/c
.

deey xewndn ribny xe`d ly zexidnd dtevd xeary raep dpexg`d d`vezdn

.ziteqpi` dnverk dlbzn dfd xe`d xewn ,c-l
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ly dxezd .xe`d oxw ziibxp` ly divnxetqpxh 8
millkeyn xe`-ixifgn lr lrtend dpixwd ugl

,zeqgid oexwir itly ixd ,gtp zcigil A2/8π-l deey xe`d zibxp`e xg`n

xe` mgzn ozpida ,jkitl .A′2/8π-l deey didz drpd zkxrna xe`d zibxp`

-l deey didi ''dgepnay dcin''-l ''drepzay dcind'' oia dibxp`d qgi miieqn

.(k -a e` K-a ccnp `ed m` dpyn `l) ddf xe`d mgzn ly gtpd m` A′2/A2

ly milnxepd ly mici`iqepiqewd mipeeikd md l,m, n m` .dxwnd `l df la`

cgi rpy ixeckd ghynd iaikx jxc dibxp` xearz `l f` ,zgiipd zkxrna lbd

-:xe`d ly zexidnd mr

(x− lct)2 + (y −mct)2 + (z − nct)2 = R2

mil`ey ep` .cinzl xe` mgzn eze` z` xbeq dfd ghyndy xnel lkep ,jkitl

zkxrna zitvp `idy itk ,dfd ghynd ici lr d`elkd dibxp`d ly zenkd iabl

.k zkxrnl qgia xe`d megz zibxp` iabl ,xnelk ,k

ez`eeyn ,ici`eqtil` ghyn `ed - drpd zkxrndn dtvipy - ixeckd ghynd

didz τ = 0 onfa

(βξ − lβξv/c)2 + (η −mβξv/c)2 + (ζ − nβξv/c)2 = R2.

heyt aeyig zervn`a f` ,ci`eqtil`d ly gtpd `ed S ′-e xeckd gtp `ed S m`

milawn
S ′

S
=

√
1− v2/c2

1− cosφ · v/c.

-nae zgiipd-zkxrna zccnpde ghyna d`elkd xe`d zibxp`l `xwp m` ,jkitl

lawp f` ,dn`zda E ′-e E zenya drpd zkxr

E ′

E
=
A′2S ′

A2S
=

1− cosφ · v/c√
1− v2/c2

,
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:d`ad dheytd dxevd z` zlawn dgqepd φ = 0 xy`ke

E ′

E
=

√
1− v/c

1 + v/c
.

ly drepzd avn mr cgi mipzyn xe`d megz ly xczde dibxp`dy libx df oi`

.weg eze`l m`zda dtevd

xeyind lby jk ,llkeyn iaihwltx ghyn deedn ξ = 0 xeyind xivy gipp dzr

ghynd zeptc lr lrtend xe`d ugl z` miytgn ep` .xfeg 7 sirqa oecipy

.zetwzydd xg`l xfgend xe`d znvere xczd ,oeeikd z`e ,iaihwltxd

.(K zkxrnl qgia) A, cosφ, ν milcbd ici lr xcben zeidl ixwn xe`-l gipp

md mini`znd milcbd k zkxrndn dtvp xe`d xy`k

A′ = A
1− cosφ · v/c√

1− v2/c2
,

cosφ′ =
cosφ− v/c

1− cosφ · v/c,

ν ′ = ν
1− cosφ · v/c√

1− v2/c2
,

milawn ep` ,k zkxrnl qgein jildzd xy`k ,xfegd xe`-d xear

A′′ = A′

cosφ′′ = − cosφ′

ν ′′ = ν ′

ep` ,K zgiipd zkxrnl epze` dxifgnd divnxetqpxh ici lr ,xac ly eteqa

xfegd xe`-d xear milawn

A′′′ = A′′
1 + cosφ′′ · v/c√

1− v2/c2
= A

1− 2 cosφ · v/c+ v2/c2

1− v2/c2
,

cosφ′′′ =
cosφ′′ + v/c

1 + cosφ′′ · v/c = −(1 + v2/c2) cosφ− 2v/c

1− 2 cosφ · v/c+ v2/c2
,

v′′′ = v′′
1 + cosφ′′ · v/c√

1− v2/c2
= ν

1− 2 cosφ · v/c+ v2/c2

1− v2/c2
.
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d`xnd ly dcigi ghy ipt lr zygxzny (zgiipd zkxrna zccnpy) dibxp`d

dcigi ghyn zafery dibxp`d .A2(c cosφ− v)/8π -l xexiaa deey dcigi onfa

,dibxp`d oexwir itl .A′′′2(−c cosφ′′′ + v)/8π -l deey dcigi onfa d`xnd ly

zcigia xe`-ugl rvany dcearl deey mipexg`d miiehiad izy oia yxtdd

,xe`d ugl `ed P xy`k ,Pv dltknl deeyk efd dceard zz` gwip m` .onf

milawn ep`

P = 2 · A
2

8π

(cosφ− v/c)2

1− v2/c2
.

dpey`xd dkxrdd z` milawn ep` ,zexg` zexez itle minkqen miieqipn

P = 2 · A
2

8π
cos2 φ.

znyeiny dhiyd zervn`a xztidl mileki mirp miteb ly dwihte`a zeirad lk

,xe`d ly mihpbnde miilnygd zegekd z` xiardl `ed igxkdy dn .o`k

jxca .sebl ziqgi dgepna z`vnpd mixiv zkxrnl ,miteb zrepzn mirtyend

dwihte`a zeira ly dxciql envnhvi mirp miteb ly dwihte`a zeirad lk ef

.zgiip zkxrn ly

xy`k uxd-leeqwn ze`eeyn ly divnxetqpxh 9
oeayga zegwlp zeipeivweepew-zenixf

ze`eeynd jezn `vp

1

c

(
∂X
∂t

+ uxρ
)

= ∂N
∂y
− ∂M

∂z
, 1

c
∂L
∂t

= ∂Y
∂z
− ∂Z

∂y
,

1

c

(
∂Y
∂t

+ uyρ
)

= ∂L
∂z
− ∂N

∂x
, 1

c
∂M
∂t

= ∂Z
∂x
− ∂X

∂z
,

1

c

(
∂Z
∂t

+ uzρ
)

= ∂M
∂x
− ∂L

∂y
, 1

c
∂N
∂t

= ∂X
∂y
− ∂Y

∂x
,

xy`k

ρ =
∂X

∂x
+
∂Y

∂y
+
∂Z

∂z
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z` onqn (ux, uy, uz) eli`e ,lnygd zetitv letk 4π ly dltknd z` onqn

izla ote`a xeyw ilnygd orhndy oiincp m` .orhnd ly zexidnd xehwe

md elld ze`eeynd f` ,(mipexhwl` ,mipei) miphw migiyw mitebl dpzyn

mitgeb ly dwihte`de qpxel ly dwinpicexhwl`d ly ihpbnexhwl`d qiqad

.mirp

divnxetqpxhd ze`eeyn zxfra ,mze` xiarpe zetwz elld ze`eeyndy gipp

ze`eeynd z` lawp .k zkxrnl ,6 -e 3 mitirqa epzipy

1

c

(
∂X′
∂τ

+ uξρ
)

= ∂N ′
∂η
− ∂M ′

∂ζ
, 1

c
∂L′
∂τ

= ∂Y ′
∂ζ
− ∂Z′

∂η
,

1

c

(
∂Y ′
∂τ

+ uηρ
)

= ∂L′
∂ζ
− ∂N ′

∂ξ
, 1

c
∂M ′
∂τ

= ∂Z′
∂ξ
− ∂X′

∂ζ
,

1

c

(
∂Z′
∂τ

+ uζρ
)

= ∂M ′
∂ξ
− ∂L′

∂η
, 1

c
∂N ′
∂τ

= ∂X′
∂η
− ∂Y ′

∂ξ
,

xy`k
uξ =

ux − v

1− uxv/c2

uη =
uy

β(1− uxv/c2)

uζ =
uz

β(1− uxv/c2)
.

mbe

ρ′ = ∂X′
∂ξ

+ ∂Y ′
∂η

+ ∂Z′
∂ζ

= β(1− uxv/c
2)ρ.

xehwede – 5 sirqay zepeeknd-zeiexidnd ztqed htynn raepy itk – xg`n

-dn ccnpy itk ,ilnygd orhnd ly zexidnd xy`n xzei `l `ed (uξ, uη, uζ)

jkl ,eply dwihnpiwd zepexwr lr zqqeand ,dgked milawn ep` ,k zkxrn

miteb ly dwinpicexhwl`d lr qpxel ly dwinpicexhwl`d zxez zeceqiy

.zeqgid oexwir mr cg` dpwa dler mirp

ze`eeyndn `ad aeygd wegd z` yiwdl ozipy ,dxvwa ile` xir` ,sqepa
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z` dpyn `l `ede llga edyti` drepza `vnp zilnyg oerh seb m` :epgzity

''zgiipd'' zkxrnl qgia mb reaw x`yi ly orhd f` ,drp zkxrnl qgia eprhn

.K

zeihi`a u`end oexhwl` ly dwinpic 10
dcy jeza drepza `vnp (''oexhwl`'' mya oldl dpekiy) izcewp wiwlgy gipp

df oexhwl` xear `ad drepzd weg z` gqpp .ihpbnexhwl`

awr zygxzny oexhwl`d zrepz f` ,oezp rbxa dgepna `vnp oexhwl`d m`

ze`ad ze`eeynl dni`zn onfa `ad rex`d

m
d2x

dt2
= εX

m
d2y

dt2
= εY

m
d2z

dt2
= εZ

-l`d zqn z` onqn m eli`e ,oexhwl`d ly mixivd z` mipnqn x, y, z xy`k

.zihi` oexhwl`d zrepz cer lk ,oexhw

weg z` miytgn ep` .v `id oezp onfa oexhwl`d zexidny gipp ,zipy ,dzr

.onfa `ad .`ad onfd ly miiciind mirtena oexhwl`d ly drepzd

ep`y rbxay gipdl epnvrl dyxp ,eplewiy ly miillkd mipiit`na mebtl ilan

v zexidna rpe mixivd ziy`xa `vnp `ed oexhwl`l epail zneyz z` miptn

oexhwl`d (t = 0) oezpd rbxay jkn xexa .K zkxrnd ly X-d xiv jxe`l

.X-d xivl liawna v zexidna drpy mixivd zkxrnl qgia dgepna `vnp

`ad icind onfay xexa ,zeqgid oexwir sexiv mr cgi ,lirly dgpdd jezn

-ynl m`zda rp ,k zkxrndn dtvpy ,oexhwl`d (t ly miphw mikxr xear)
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ze`ee
m
d2ξ

dτ 2
= εX ′,

m
d2η

dτ 2
= εY ′,

m
d2ζ

dτ 2
= εZ ′,

-ilgn ep` ,sqepa ,m` .k zkxrnl miqgiizn ξ, η, ζ,X ′, Y ′, Z ′ milnqd xy`k

ze`eeyn f` ,τ = ξ = η = ζ = 0 mb t = x = y = z = 0 xy`ky mih

milawn ep`e zetwz 6-e 3 mitirqay divnxetqpxhd

ξ = β(x− vt), η = y, ζ = z, τ = β(t− vx/c2),

X ′ = X, Y ′ = β(Y − vN/c), Z ′ = β(Z + vM/c).

k zkxrndn lirly drepzd ze`eeyn z` xiardl icka elld ze`eeyna xfrip

lawp ,K zkxrnl

(`)

d2x
dt2

= ε
mβ3X

d2y
dt2

= ε
mβ

(
Y − v

c
N

)

d2z
dt2

= ε
mβ

(
Z − v

c
M

)




. . .

-l`d zqn ly ''agex''-de ''jxe`''-d z` dzr xewgp dlibxd hand zcewp jezn

dxeva (`) ze`eeynd z` aezkp .rpd oexhw

mβ3 d2x
dt2

= εX = εX ′,

mβ2 d2y
dt2

= εβ
(
Y − v

c
N

)
= εY ′,

mβ2 d2z
dt2

= εβ
(
Z − v

c
M

)
= εZ ′,

ozipy gek) iaihenexcpetd gekd ly miaikxd md εX ′, εY ′, εZ ′-y dligz xirpe

zkxrndn mitvp md xy`k el`k eidi md ,ok`e ,oexhwl`d lr lretd (dliwyl

leki df gek) .oexhwl`d ly efl deeyd zexidna ,oexhwl`d mr rbxk drpd

(.dpexg`l dxkfedy zkxrna dgepna `vnpd ofe`n uitw i''r ,dnbecl ,ccnidl
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dgqepd z` xnyp m`e 4'',oexhwl`d lr lretd gekd'' mya df gek dpkp m` dzr

zgiipd zkxrndn dve`zd z` cecnl hilgp mb m`e – gek = dve`z× dqn –

wiqp lirly ze`gqepdn f` ,K

zikxe` dqn =
m(√

1− v2/c2
)3 .

ziagex dqn =
m

1− v2/c2
.

.zeqnd xear mixg` mikxr lawp dve`ze gek ly dpey dxcbd xear ,irah ote`a

ly zepey zexez mieeyn ep` xy`k ,zexidfa mcwzdl epilry epl d`xn df xac

.oexhwl`d zrepz

,(iliaxcpet) liwy izcewp xnegl mb zetwz dqnl rbepa elld ze`vezdy xirp

zeyridl leki (epnler ly zizyegzd dqitzd itl) (iliaxcpet) liwy xneg oky

.ohw `ed dnk cr dpyn `l ,ilnyg orhn ztqed zervn`a oexhwl`l

-y`xn dgepnn rp oexhwl` m` .oexhwl`d ly zihpiwd dibxp`d z` dzr rawp

ihhqexhwl`d gekd ly dlert zgz X-d xiv jxe`l K zkxrnd ly mixivd zi

.
∫
εXdx jxrl deey ihhqexhwl`d dcydn `iven `edy dibxp`dy xexa f` ,X

leki `ed jkn d`vezke ,(zilily dve`z) dhe`za jiynn oexhwl`d xy`k
†ihhqexhwl`d dcydn d`viy dibxp`d ,dpixw zxeva dibxp` zzle wiqtdl

lk jxe`ly xekfl epilr .oexhwl`d ly W drepzd ziibxp`l deey zeidl zaiig

ep` jkitl ,dtwz ` ze`eeyn jezn dpey`xd d`eeynd ,oecipd drepzd jildz

milawn
W =

∫
εXdx = m

∫ v

0
β3vdv

= mc2

(
1√

1− v2/c2 − 1

)
.

zxcbd .dliren dpi` (o`k dpzipy itk) gek ly ef dxcbd ,wplt .n d`xd dpey`xly itk4

xzeia dheytd dxeva dibxp`d ly mehpnend iweg z` bivdl icka o`k d`aed gekd
oexhwl`d zrepzn d`vezk†
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zelecbd zeiexidn ly mneiw okzii `l .iteqpi`l W jetdi ,v = c xy`k ,jkitl

.xe`d zexidnn

mb swz zeidl aiig zihpiwd dibxp`d xear df iehia ik dler lirly oerihdn

.(zeiliaxcpet) dliwyl zepzipy zeqn xear

,` ze`eeynd zkxrnn zeraepy oexhwl`d ly drepzd zepekz z` dzr dpnp

.miieqipl zeyibpe

ihpbnd gekde Y ilnygd gekdy raep ` zkxrn ly dipyd d`eeyndn .1

xy`k ,v zexidna rpd oexhwl`d lr mieey diihq zegek milirtn N

zexidnd z` reawl ozip eply dxezd itly mi`ex ep` ,jkitl .Y = Nv/c

diihqd geke Am ihpbnd diihqd gek oiay qgid jezn oexhwl`d ly

wegd meyii zervn`a idylk zexidn xear ,Ae ilnygd

Am

Ae

=
v

c

z` zexiyi cecnl ozipy xg`n ,ieqip zervn`a dwical ozip dfd wegd

zecy ly milhlhin zecy zervn`a ,dnbecl ,oexhwl`d ly zexidnd

.miilnyge mihpbn

,mil`ivphetd yxtd oiay dler oexhwl`d ly zihpiwd dibxp`d zzgtdn .2

qgid miiwzdl aiig oexhwl`d ly v zexidnd oiae ievgd ,P

P =

∫
Xdx =

m

ε
c2

(
1√

1− v2/c2 − 1

)
.

ihpbnd gekd xy`k ,oexhwl`d lelqn ly mewrd qeicx z` miaygn ep` .3

-l`d ly zexidnl zikp` lret (`vnpa cigid diihqd gek z` deednd)

milawn ep` ` ze`eeyna ipyd oeieeyd jezn .oexhw

−d
2y

dt2
=
v2

R
=

ε

m

v

c
N

√
1− v2

c2
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e`

R =
mc2

ε
· v/c√

1− v2/c2
· 1

N

epgzity dxezd itl ,mdit lry miwegl mly iehia mipzep elld miqgid zyely

.repl aiig oexhwl`d ,o`k

izinrn on`p reiq izlaiw o`k dpecpy dirad lr izcearay xnel ipevxa mekiql

.jxr zelra zervd dnk ag ip` el xy` eqa lyin icicie dcearl
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