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Annalen hrd azka mixn`n 4 ly dxcq oiihypi` hxal` mqxt 1905 zpya

ly dxezd lr zexiwg'' xn`nd ly zixairl mebxz `ed df jnqn .der Physik

.''zipe`xad drepzd

:mebxz zexrd

.(velocity) zpeekn-zexidnl cinz dpeekd ''zexidn'' gpena .1

.dtlf ozpei i''r jxrpe mbxez xn`nd
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miiexyd miphw miwiwlg ly drepzd lr

zixlewlend dwihpiwd zxez itl cner lfepa

megd ly

oiihypi` hxal`

1905 ,i`n

d`vezk) megd ly zixlewlend dwihpiwd zxez itly d`xp df xn`na

miaiig lfepa miiexyd itewqexwin lceba miteb (zinxz zixlewlen drepzn

drepzdy okzii .tewqexwin zervn`a iedifl ozipy lceb xcqa zerepz rval

,k''tr` ,''zipe`xa zixlewlen drepz'' mya zepkl bedpy dnl ddf o`k dpecpy

lke` `ly jk ick cr xqg jk lk `ed dpexg`d drepzd lr icia ievny rcind

.`yepd lr zhlgen drc zeegl

-picenxzd f` ,dzlert zeiweg mr cgi o`k dpecpy drepza oigadl ozip zn`a m`

-in miagxn xear elit` ixnbl dtwzk ze`xidl dleki dppi` ziq`lwd dwin

,zixyt`l zkted meh`d ly izin`d elceb zriawe ,dpga`-ixa mitewqexw

lwyn icak miperih wtqz ef dcaer f` ,miiebyk egkei efd drepzd zeifgz m`

.megd ly zixlewlend dwihpiwd zqitz cbpk

mipiipr okez
3 . . . . . . . midyen miwiwlgl qgil ozipy ihenqe`d ugld lr 1
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zixlewlend-dwihpiwd zxez ly hand zcewpn ihenqe` ugl 2

4 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . megd ly

7 . . . . . . . . . . . . . zexyen zephw zexitq ly difeticd zxez 3

qgid lre lfep jeza midyend miwiwlg ly zi`xw` drepz lr 4

9 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . difeticl mdly

.midyen miwiwlg ly zrvenn dwzrd xear dgqep 5

12 . . . . . . . . . . . . . mineh`d ly izin`d lcebd zriawl dhiy

midyen miwiwlgl qgil ozipy ihenqe`d ugld lr 1
lfep ly V ∗ iwlg gtpa zqnen ihilexhwl` `l xneg ly len z ly zenky gipp

cvny xiw zervn`a dxedhd dqinzdn cxten V ∗ gtpd m` .V llek gtp lra

,qnen xneg ly xarn xyt`n `l ipy cvne dqinzd ly leglig xyt`n cg`

milecb mikxr xeary ,ihenqe` ugl mya mi`xew ep`y dnl setk dfd xiwd f`

d`eeynd z` wtqn V ∗/z ly witqn

pV ∗ = RTz.

-yen miteb likn dqinzd ly V ∗ iwlgd gtpd qnend xnegd mewna m` la`

zxez itl f` ,leglig xyt`ny xiwd jxc xearl mileki mpi`y miphw mid

dciakd-gek z` gpfp zegtd lkl m` – zetvl lkep `l ziq`lwd dwinpicd

-zd milbxdd itl ik ;xiwd lr gek lrteny jkl – o`k epze` oiiprn epi`y

ly mnewina dielz zkxrnd ly ''ziytegd dibxp`''dy d`xp `l ,eply miizqit

-xnegd ly zepekzde dqnd llka wx dielz didz `id la` ,midyend mitebd

,migeha zeidl icka .dxehxtnhae ugla mb enk ,xiwde ,lfepd ,midyend mi

(miixlitw zegek) miwynnd ly ditexhp`de dibxp`d z` oeayga zgwl epilr

mewina miiepiy oky ,mdn mlrzdl mileki ep` la` ,ziytegd dibxp`d aeyiga

.rbnd ighyn ly avnae lceba miiepiy `ll mikynp midyend mitebde xiwd ly

epze` dliaen megd ly zixlewlend dwihpiwd zxez ly hand zcewpn la`
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`ed ddyen seb oiae zqnen dlewlen oia ipeyd ,ef dxez itl .dpey dqitzl

-enqe` ugl eze` z` mixviin `l midyen miteb recn ze`xl dywe ,lceba wx

mitebdy gipdl epilr didi .zeqnen zelewlen ly deey xtqn mixveiy enk ih

,lfepa ,zihi` ce`n `id ef drepzy zexnl ,dlibx `l drepz mirvan midyend

gtpd z` aefrl dl` mitebn rpen xiwd m` ;lfepd ly zixlewlend drepzd lya

zelewlend milirtny zegekd enk weica eidi milirtn mdy zegekd f` ,V ∗

V ∗ gtpa mi`vnp midyen miteb n m` ,jkitl .zeqnend

`ed mipky miteb oia geexind m`e (dcigi gtpa n/V = ν zexg` milina)

elceby p ihenqe` ugl mdl m`zen f` ,lecb witqn

p =
RT

V ∗
n

N
=

RT

N
· ν,

zxezy d`xp `ad sirqa .lena zelkeny zelewlend xtqn z` zpiivn N xy`k

ugld ly xzei dagx dqitzl dliaen ok` megd ly zixlewlend-dwihpiwd

.ihenqe`d

-dwihpiwd zxez ly hand zcewpn ihenqe` ugl 2
megd ly zixlewlend

z` ixnbl miraewy zilwifit zkxrn ly avn ipzyn md p1, p2, . . . , p` m`

mixivd iaikxn z` miraew elld mipzynd ,xnelk) zkxrnd ly irbxd avnd

ze`eeyn ly dnlyd zkxrnd m`e ,(zkxrnd ly mineh`d lk ly zexidnde

d`ad dxeva dpezp elld mipzynd ly iepiyd

∂pν

∂t
= φν(p1, . . . , p`) (ν = 1, 2, . . . , `)

xy`k

Σ
∂φν

∂pν

= 0,
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iehiad zervn`a dpezp zkxrnd ly ditexhp`d f`

S =
E

T
+ 2k lg

∫
e−E/2kT dp1 . . . dp`.

ly zilwifitd dibxp`d z` onqn E ,zhlgend dxehxtnhd z` onqn T o`k

lk lrn agxen lxbhpi`d .pν ly divwpetk dibxp`d z` onqn E eli`e zkxrnd

k oia xywd .dirad ly mi`pzd mr miayizny pν ly mikxrd ly mitexivd

dibxp`d xear ,jkitl .R = 2kN qgid zervn`a iehia icil `a N reawd oiae

F milawn ep` ziytegd

F = −R

N
T lg

∫
e−EN/RT dp1 . . . dp` = −RT

N
lg B.

-len n likn (V ly) V ∗ iwlgd gtpdy gippe ;V gtpa `elkd lfep oiincpe dad

B lxbhpi`d) B lxbhpi`d leab ,(dn`zda midyen miteb e`) zeqnen zelew

dvgnl xicg xiw zervn`a V ∗ gtpa xnypy (F -e S xear miiehiaa lawzdy

(midyend mitebd) zeqiqnd zelelewlend ly llekd gtpdy gipp .m`zda rtyei

mly ote`a zx`ezn efd zkxrnd ,epxkfdy dxezd itl .V ∗-l d`eeyda ohw

cxzy jk zixlewlend dpenzd z` miaigxn m` .p1, . . . , p` mipzynd zervn`a

aeyigd z` jetdi B lxbhpi`d aeyiga iyewd f` ,xzeia miphwd mihxtl cr

F ji` `ed zrcl epilry lk oecpd dxwna k''tr` .iyrn `ll F ly wiiecnd

-yend mitebd e` zeqiqnd zelewlend lk z` likny V ∗ gtpd ly lceba dielz

.(''miwiwlg'' xeviwa e`xwiy) mid

(miipalnd) mixivd ikxr zervn`a oneqi oey`xd wiwlgd ly caekd fkxn

jke ,ipyd wiwlgd ly caekd fkxn z` onqn x2, y2, z2 dnec ote`a ,x1, y1, z1

lk aiaq ,oexg`d wiwlgd ly caekd fkxn z` onqn xn, yn, zn xy`k ,d`ld

-hy ,qt`l eghy z` si`ype ce`n ohw oeliawn mi`zp caekd ifkxnn cg`

dn`zda dx1dy1dz1, dx2dy2dz2, . . . , dxndyndzn-l mieey eidi mipeliawnd ig

iehiaa riteny lxbhpi`d jxr z` rbxk miytgn ep` .V ∗ gtpa e`vni mleke

m`zedy megza mi`vnp miwiwlgd ly caekd ifkxn lky jkl setka ,F ly
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dxeva lxbhpi`d z` `hal lkep ,dxwn lka .mxear

(1) dB = dx1dy1 . . . dzn · J

ly mewina xnelk) V ∗ gtpa ielz epi`e dx1, dy1, . . .-a ielz epi` J xy`k

ifkxn inegz ly minewind zxigaa mb ielz epi` J la` .(dvgnl-xicgd xiwd

minegz ly dipy zkxrn m` ixdy .ciin d`xpy itk ,V ∗ jxrd ly caekd

-a mipneqnd miwiwlgd ly caekd ifkxnl zn`zen dziid seqpi`-cr miphw

dn`zddn milcap eid elld minegzd m`e dx′1y
′
1z
′
1, dx′2dy′2dz′2, . . . , dx′ndy′nz′n

f` ,V ∗ gtpa milken eid mlek m`e (mlceba `le) mnewina wxe j` zixewnd

milawn epiid dnec ote`a

dB′ = dx′1dy′1 . . . dz′n · J

xy`k

dx1dy1 . . . dzn = dx′1dy′1 . . . dz′n.

jkitl
dB

dB′ =
J

J ′
.

zelwa ozip 1,mihhevnd mixn`na zbveny ,megd ly zixlewlend dxezdn la`

izexixy rbxa (dx1, . . . dzn) megza `vni wiwlgy jkl zexazqddy wiqdl

megza `vni wiwlgy jkl zexazqdd ,dnec ote`a .dB/B -l deey oezp

mirp micxtp miwiwlg m` .dB′/B -l deey oezp izexixy rbxa (dx′1, . . . , dz′n)

sqepae ipbened lfepd m`e ipya cg` ielz epi`y ote`a ote`a (witqn aexiwa)

zekxrnd izyl zeni`znd zeiexazqdd f` ,zegek milrten `l miwiwlgd lr

milawn ep` f` ,ddf minegzd ly lcebbd m` zedf zeidl zeaiig minegzd ly

dB

B
=

dB′

B
.

A. Einstein, Ann. d. Phys. 11 (1903): 1701
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-y raep dl zncewd d`eeyndne ef d`eeynn la`

J = J ′.

jkitl .x1, y1, . . . , zn -a ielz epi`e V ∗ -a ielz `l J ik dler oexg`d oeieeydn

milawn ,1 oeieey itb` izy lr divxbhpi`ne

B =

∫
Jdx1 . . . dzn = J(V ∗)n

milawn jkne

F = −RT

N

(
lg J + n lg V ∗

)

mbe

p = − ∂F

∂V ∗ =
RT

V ∗
n

N
=

RT

N
ν.

zxez ly dclez `ed ihenqe`d ugld meiwy mi`ex ep` elld milewiydn

-elicd eay avna mb ,ef dxez it lr ,sqepa ,megd ly zixlewlend-dwihnpiwd

midyen miwiwlge zeqiqn-zelewlen ly zeey zeixtqn zeienk milceb mil

.ixnbl ddf ihenqe` ugl milirtn

zexyen zephw zexitq ly difeticd zxez 3
z` xewgl mipiipern ep` .lfep jeza midyen miwiwlg zi`xw` mixftny gipp

,onfa `l la` mewina ielzy ,K geky dgpdd zgz inpicd mlwyn ieeiy avn

lrete mewn lka `vnp gekdy gipp ,zehytd ornl .micxtpd miwiwlgd lr lret

.X-d xiv oeeika

-picenxz oefi` ly dxwna f` ,ν `id gtp zcigil midyend miwiwlgd xtqn m`

dwzrd xear ziytegd dibxp`d ly ziihqdy x ly divwpet z`fk `id ν in

jkitl .zqt`zn ddyend xnegd ly δx zizexixy zil`ehxie

δF = δE − TδS = 0
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-xeyind ici lr meqgye X-d xivl avipy dcigi gtpa iagex jzg yi lfepay gipp

-y f` milawn ep` .x = l ici lre x = 0 mi

δE = −
∫ `

0

Kνδxdx

mbe

δS =

∫ `

0

R
ν

N

∂δx

∂x
dx = −R

N

∫ `

0

∂ν

∂x
δxdx.

didi yweand oefi`d i`pz okl

(2) −Kν +
RT

N

∂ν

∂x
= 0

e`

Kν − ∂p

∂x
= 0.

-e`d ugld ly zegekd zervn`a ofe`n K gekdy zxne` dpexg`d d`eeynd

.ihenq

.ddyend xnegd ly (difetic) retritd mcwn z` reawl icka 2 oeieeya ynzyp

ly (dwzrd) divifetxteqk qtzidl leki epqgiizd eil`y inpicd oefi`d avn

:micbepn mipeeik izya mincwzny mikildz izy

-iwlgdn cg` lk lr lrteny K gekd zrtyd zgz ddyen xneg ly drepz .1

.midyend miw

-iwlg ly zei`xw` zerepz ly d`vezk oaei jynday ,retrit ly jildz .2

.zinxz zixlewlen drepz awr zenxbpy miw

(lbrnd ly qeicxd `ed P xy`k) zilbrn dxev yi midyend miwiwlgl m`

zexidnd z` ccead wiwlgl dpwn K gekd f` ,k `ed lfepd ly jekigd mcwne
2

K

6πkP
,

.4 sirq 26 d`vxd ''dwipkn lr ze`vxd'' sedkxiw .b mr deeyp2
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mbe
vK

6πkP

.onf zcigi-l agex jzg ly dcigid jxc mixaer miwiwlg

dqn onqn µ -e ddyend xnegd ly retritd mcwn z` onqn D m` ,sqepa

ly zenk retritd awr f` ,wiwlg ly

mxb
(
−D

∂(µv)

∂x

)

ly e`

miwiwlg
(
−D

∂ν

∂x

)

aiig inpic oefi`e xg`n .onf zcigi lkl agexd jzg ly dcigid jxc exari

lawl miaiig ep` ,miiwzdl

(3)
νK

6πkP
−D

∂ν

∂x
= 0.

.retritd ly mcwnd z` aygl lkep inpic oefi` xear ep`vny 3 -e 2 mi`pzn

milawn ep`

D =
RT

N
· 1

6πkP
.

retritd mcwn ,zhlgend dxehxtnhde ilqxaipe`d reawd z` `ivedl ,jkitl

miwiwlgd ly mlcebae lfepd ly jekigd mcwna wx ielz ddyend xnegd ly

.midyend

lfep jeza midyend miwiwlg ly zi`xw` drepz lr 4
difeticl mdly qgid lre

d`vezk enxbp xy` zei`xw`d zerepzd ly xzei dwecd dwical dptp ,dzr

.mcewd sirqa dxwgpy difeticl zeqgiizd jez ,zinxzd zixlewlend drepzdn

zerepza dielz dpi`y drepz rvan ccea wiwlg lky gipdl miaiig ep`y ,xexa
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eze` lye cg` wiwlg ly zerepzd ,dnec ote`a ;mixg`d miwiwlgd lk ly

miielz mpi`y mikildzk mipaen zeidl miaiig eidi mipey onf irhwa wiwlg

.icn ohw eppi` xgapd rhwd cer lk ziccd

-py onfd irhwl d`eeyda ohw ce`n didiy ,τ onf-rhw eply oeicl qipkp dzr

wiwlg ici lr zerveand zerepzdy jk eic lecb didi ,oiicr la` ,ditvl mipzi

.miielz-izla miiccd zerxe`nk eaygi mitevx τ lceba onf irhw izy jldna

X-d ixiv ,τ onf geexna .lfepa mi`vnp miwiwlg n ly llek mekqy ,zrk ,gipp

(miilily e` miaeig) mipey mikxr yi ∆ -l xy`k ,∆ -a elcbi ccea wiwlg ly

z` riadl lkep :∆ xear swz didi miieqn zexazqd weg .wiwlg lk xear

zervn`a ∆ + d∆ -e ∆ oia z`vnpy dwzrd mixaery dn miwiwlgd xtqn

d`eeynd

dn = nφ(∆)d∆

xy`k∫ +∞

−∞
φ(∆)d∆ = 1

i`pzd z` wtqne ,∆ ly ce`n ohw jxr xear wx qt`n lcap φ -e

φ(∆) = φ(−∆).

dxwnl aey epnvr z` liabp ,φ -a ielz retritd ly mcwnd cvik xewgp zrk

.t -ae x -a wx ielz ,ν ,gtp zcigil miwiwlgd lk xtqn eay

z` aygl lkep if` ;gtp zcigil miwiwlgd xtqn z` onql ν = f(x, t) -l gipp

divwpetd zxcbdn .t onfa mdly xefitd jezn i+ τ onfa miwiwlgd ly xefitd

izy oia mi`vnpy i + τ onfa miwiwlgd xtqn z` lawl zelwa lkep φ(∆)

.x + dx -e x (mipeiqivqa`) miiwte`-mikxr gmr X-d xivl mikp`y mixeyin

milawn ep`

f(x, t + τ)dx = dx ·
∫ ∆=+∞

∆=−∞
f(x + ∆)φ(∆)d∆.
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aivdl lkep ,ce`n jenp τ ly ekxry xg`n la`

f(x, t + τ) = f(x, t) + τ
∂f

∂t
.

:∆ ly dwfg ixehl f(x + ∆, t) z` aigxp ,sqepa

f(x + ∆, t) = f(x, t) + ∆
∂f(x, t)

∂x
+

∆2

2 !

∂2f(x, t)

∂x2
+ . . .

∆ ly ce`n miphw mikxr wx ixdy ,lxbhpi` zervn`a ef dagxd rval lkep

milawn ep` .xehl edyn minxez

f+
∂f

∂t
·τ = f ·

∫ +∞

−∞
φ(∆)d∆+

∂f

∂x

∫ +∞

−∞
∆φ(∆)d∆+

∂2f

∂x2

∫ +∞

−∞

∆2

2
φ(∆)d∆ + . . .

iriaxd ,ipyd mxebd) miibefd minxebd miqt`zn ,lirly oeieeyd ly ipnid wlga

awer mxeb lk ,miibef-i`d minxebd xear ,z`f znerl ,φ(x) = φ(−x) oky ,('eke

-y oeeikn .el mcwy mxebl d`eeyda ce`n ohw didi
∫ +∞

−∞
φ(∆)d∆ = 1,

zavdne
1

τ

∫ +∞

−∞

∆2

2
φ(∆)d∆ = D,

milawn milxbhpi`d xehay ,iyilyde oey`xd hrnl ,minxebd lk zgpfdne

(4)
∂f

∂t
= D

∂2f

∂x2
.

ddefn zeidl leki D xy`k ,difetic xear zxkend zil`ivpxticd d`eeynd idef

.difeticd mcwnk

miwiwlgd lky migipn ep` .mixg` miaeyg milewiy xeywl lkep df gezitl

zelz oi` ixdy igxkd df oi` ,k"tr` .mixiv zkxrn dze`l miqgein miccead

wiwlg lk ly drepzd z` qgiip ,zrk .miccea miwiwlg ly mzrepz oia ziccd

onfa oecipd wiwlgd ly caekd fkxn mr cklzn ziy`xdy jk mixiv zkxrnl
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mdly X-d xivy miwiwlgd xtqn z` onqn f(x, t)dx ,dzry ,lcada ,t = 0

df dxwna mb ,jkitl .x + dx -e x oia rply xeriya t = t -e t = 0 mipnfa lcb

ep` t = 0 -e x! = 0 xeary xexa ,ok lr xzi ,4 oeieey itl f divwpetd dpzyn

lawl miaiig

f(x, t) = 0 mbe
∫ +∞

−∞
f(x, t)dx = n

z` migipfn xy`k) cg` mewnn difeticd ziira mr dzr zcklzny ,dirad

oexztd ;ihnzn ote`a ixnbl zrawp ,(mirtrtnd miwiwlgd oia divw`xhpi`d

`ed dly

f(x, t) =
n√
4πD

e

“
− x2

4Dt

”

√
t

.

ly xefitl ddf t i`xw` onfa llegzny mewind ly miiepiyd xefit avw ,jkitl

jixrnay reawd ji` `ed aeygy dn .zetvl did ozipy itk ,zei`xw` zeierh

oeeika λx dwzrdd z` aygp efd d`eeynd zxfra .difeticd mcwnl xeyw

rvennd ly ireaixd yxeyd ,weic xzil e` ,rvenna wiwlg ly x -d xiv ly

milawn ep` ;X -d xiv ly oeeika zewzrdd ireaix ly ihnzix`d

λx =
√

x2 =
√

2Dt.

zelwa ozip .onfd ly ireaixd yxeyl zipeivxetext zrvennd dwzrdd ,jkitl

-iwlgd ly zewzrdd lk jq ly mireaixd rvenn ly ireaixd yxeydy ze`xdl

.λx

√
3 -l deey miw

.midyen miwiwlg ly zrvenn dwzrd xear dgqep 5
mineh`d ly izin`d lcebd zriawl dhiy

ly dxeva lfepa ddyend xneg ly D difeticd mcwn jxr z` ep`vn 3 sirqa

eplaiw ,P qeicx zelra zephw zextq

D =
RT

N

1

6πkP
.
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t onfa X-d xiv oeeika miwiwlg zewzrd ly rvennd jxrdy ep`vn 4 sirqa

-l deey

λx =
√

2Dt.

lawle D z` milrdl lkep

λx =
√

t ·
√

RT

N

1

3πkP
.

.P -ae T, k al dielz zeidl zaiig λx cvik d`xn ef d`eeyn

-k N ly elceb z` rawp m` .zg` diipy xear λx ly lcebd z` dzr aygp

ly dxehxtnha min xgap mifbd ly dwihpiwd zxezl m`zda f` ,6 · 1022

didi miwiwlgd ly qeicxd ok enk lfepd xeza (k = 1.35 · 10−2 xy`k) 17◦C

milawn ep` .xhnilin 0.001 -l deey

λx = 8 · 10−6 cm = 0.8 micron.

.mipexwin 6 didi zg` dwca zrvennd dwzrdd jxr ,jkitl

milawn ep` .N z` reawl icka ep`vny qlgia ynzydl lkep ,jtedna

N =
t

λ2
x

· RT

3πkP

,o`k dbvedy diral oexzt `vnl mixweg ly mcia dlri aexway deewp dad

.megd zxeza dlecb zeaiyg dl yi xy` dira
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